In this paper, we study the effects of the Lorentz force and the induced anisotropic thermal conductivity due to a magnetic field on the flow and the heat transfer of a ferro-nanofluid. The ferro-nanofluid is modeled as a single-phase fluid, where the viscosity depends on the concentration of nanoparticles; the thermal conductivity shows anisotropy due to the presence of the nanoparticles and the external magnetic field. The anisotropic thermal conductivity tensor, which depends on the angle of the applied magnetic field, is suggested considering the principle of material frame indifference according to Continuum Mechanics. We study two benchmark problems: the heat conduction between two concentric cylinders as well as the unsteady flow and heat transfer in a rectangular channel with three heated inner cylinders. The governing equations are made dimensionless, and the flow and the heat transfer characteristics of the ferro-nanofluid with different angles of the magnetic field, Hartmann number, Reynolds number and nanoparticles concentration are investigated systematically. The results indicate that the temperature field is strongly influenced by the anisotropic behavior of the nanofluids. In addition, the magnetic field may enhance or deteriorate the heat transfer performance (i.e., the time-spatially averaged Nusselt number) in the rectangular channel depending on the situations.
Introduction
With the rapid development of nanotechnology, various nanofluids have been devised and applied in thermal engineering [1] . Nanofluids are suspensions composed of base fluids and different types of suspending nanoparticles. The base fluids which are commonly used include water, oil, etc. while the nanoparticles are generally made from metals, oxides, carbon nanotubes, graphene, etc. which have higher thermal conductivities. Hence, nanofluids seem to exhibit higher effective thermal conductivity compared to the base fluids; furthermore, based on proper selection and processing of the base fluid and nanoparticles, nanofluids show great performance in a wide range of engineering applications. In heat exchangers, heat sinks, etc. it has been reported that the replacement of convectional working fluids with nanofluids can evidently enhance convective heat transfer with limited increase in pressure drop [1] [2] [3] [4] [5] [6] [7] [8] [9] .
Due to the outstanding performance and promising engineering applications, especially after the pioneering works by Choi (1995) [10] , Eastman et al., (1996) [11] , Eastman et al., (2001) [12] , Xuan and Li (2000) [13] , and Choi et al., (2001) [14] , nanofluids have been extensively studied in various problems [2, 3, [15] [16] [17] [18] . For example, Beg et al., (2014) [19] performed a computational fluid dynamics simulation using Al 2 O 3 -water bio-nanofluids in a circular tube, employing a single-phase model and three different two-phase models (volume of fluid, mixture and Eulerian). The numerical simulations showed that the single-phase and two-phase models predict the same results for fluid flow but different results for thermal fields. Bhatti and Rashidi (2016) [20] studied the combined effects of thermo-diffusion and thermal radiation on Williamson nanofluid over a porous stretching sheet, where physical features for all the pertinent parameters were discussed.
Recently magnetic nanofluids (MNFs) have received some attention, primarily due to their excellent performance in enhancing the heat transfer efficiency; these fluids have been applied in various fields such as chemical engineering, nuclear fusion, medicine and transformer cooling [21, 22] . Compared to the conventional nonmagnetic nanofluids, MNFs show several unique features, such as the possibility of controlling the flow or the thermo-physical properties of MNFs using external magnetic fields and providing a more intensive thermo-magnetic convection compared to pure gravitational convection [22] . To investigate these advantages, many studies, focusing on different geometries, have been performed. Zablotsky et al., (2009) [23] presented a study on the thermo-magnetic convection of a magnetic ferro-nanofluid in a rectangular cell under a magnetic field; they found that the heat transfer efficiency is significantly higher than that of the simple thermo-gravitational convection. Xuan et al., (2007) [24] studied the flow and heat transfer in a magnetic ferro-nanofluid flowing through a micro channel using the lattice-Boltzmann method; in their work the effects of the orientation and magnitude of the magnetic field on the fluid flow and heat transfer were included. [25] investigated mixed convective heat transfer of flowing nanofluid in a vertical channel under the effect of a magnetic field. The effects of Grashof number, Reynolds number and Hartman number on Nusslet number and Poiseuille number were systematically studied. For additional information on numerical and experimental investigations on flow and heat transfer of magnetic ferro-nanofluid, see recent review articles [22, 26, 27] .
Usually the thermal conductivity and viscosity of nanofluids is considered to be a function which may depend on the nanoparticles concentration and the properties of the base fluids [13, 14, [28] [29] [30] . According to the review articles [31, 32] , the thermal conductivity and viscosity usually increase non-linearly in the function of nanoparticle volume concentration. For revealing the mechanism of the thermal and momentum diffusivity of nanofluids and the thermal/dynamic performance at the interface between the fluid and nanoparticles, many works based on experiments [33] , theoretical analysis/modelling [6, 33] and molecular dynamics simulations [34] [35] [36] [37] have been performed. For example, some works indicated that the viscosity of the nanofluids is dependent on the nanoparticles concentration due to the apparently enhanced-viscosity of the base fluid near the solid surface caused by the surface force effects at small scales [29, 35, 36] . For getting empirical correlations for engineering simulations, many efforts have been made on experimentally measuring the physical properties of nanofluids as well [17, 38, 39] .
For magnetic nanofluids (MNFs), the nanoparticles tend to assemble into chains or rings; as a result, the heat flux along the magnetic field is enhanced dramatically [40] . This indicates that the thermal conductivity of MNFs shows some degree of anisotropy. Recently, this has received some attention, since there is the possibility of controlling the thermal conduction using an external magnetic field [41] . The anisotropic thermal conductivity of MNFs caused by the chain-like aggregation of the ferro-nanoparticles has been investigated by different groups [41] [42] [43] [44] [45] . For more information about the theoretical and the experimental studies on the anisotropic thermal conductivity of the magnetic nanofluids, see [46] [47] [48] .
In this paper, we study the flow and heat transfer in a magnetic nanofluid whose viscosity depends on the volume fraction of the nanoparticles, and thermal conductivity shows anisotropy; the specific forms of these two transport properties are based on existing experimental data. The transformation of the anisotropic thermal conductivity tensor between different Cartesian coordinate systems is suggested considering the principle of material frame indifference according to Continuum Mechanics. Two specific problems are solved numerically and the results for temperature distributions are discussed for a range of dimensionless numbers.
Mathematical Model
In general, under the continuous frame nanofluids can be mathematically modeled by using three different approaches [4, 49] : (1) single phase approach where the nanofluid is treated as a conventional single-phase fluid suspension with variable properties; (2) single phase non-homogenous model where the movement of the nanoparticles is modeled by a concentration-flux transport equation [4] ; (3) two-fluid approach, such as Mixture theory approach [50] [51] [52] , where the two components are coupled through interaction forces. In this paper, we consider the nanofluid as a single phase fluid (method 1), where the bulk material properties can depend on the concentration of the particles, applied magnetic field, etc. Compared with the multiphase models, the computational cost of a single phase model is much lower. If the effects of chemical reactions are ignored, the governing equations are the conservation equations for mass, momentum and energy [4, [53] [54] [55] [56] as detailed below.
Governing Equations

Conservation of Mass
The conservation of mass reads,
where ρ n f = (1 − φ)ρ f + φρ s = αρ f + φρ s is the density of the nanofluid; φ and α are the volume fraction (concentration) of the nanoparticles and the base fluid, respectively; ρ f and ρ s are the densities of the base fluid and the nanoparticles in the reference configuration (before mixing); ∂/∂t is the partial derivative with respect to time; and v is the velocity vector. For an incompressible nanofluid [4] , the continuum Equation (1) is simplified to,
Conservation of Linear Momentum
The conservation of linear momentum can be expressed as,
where b is the body force, F r is the Lorentz force, T is the Cauchy stress tensor, and d/dt is the total time derivative given by d(.
The conservation of angular momentum indicates that in the absence of couple stresses the stress tensor is symmetric, i.e., T = T T .
Conservation of Energy
If we ignore thermal radiation, the conservation of energy reads [4, 56] ,
where θ is the temperature, c n f is the specific heat capacity of the nanofluid, T is the stress tensor, L is gradient of the velocity, q is the heat flux vector, E·J is the Joule heating, E is the electric field and J is the current density. In this paper we consider ρ n f c n f = (1 − φ)ρ f C p f + φρ s C ps , where c p f and c ps are the specific heat capacity of the pure base fluid and the nanoparticles. The first term on the right hand side of the above equation is the viscous dissipation term. In this paper, we do not consider the entropy inequality (Clausius-Duhem inequality, for details see the book by Liu (2002) [57] ).
From the above equations, it is clear that constitutive relations are needed for T, F r , q and E·J.
Constitutive Equations
Stress Tensor
We consider that the nanofluid can be modeled as an incompressible viscous fluid [4, 56] ; then:
where µ n f is the viscosity of the nanofluid, I is the identity tensor, p is the pressure and D is the symmetric part of the velocity gradient. In this paper, we take a water based ferro-nanofluid as the working fluid where the diameter of the Fe 3 O 4 nanoparticles is 100 nm. We only consider the effects of the volume fraction (concentration) and assume that the effective shear viscosity can be modeled by the correlation proposed by Sundar et al., (2013) [58] (based on their experimental results):
6.356 (6) where µ f is the viscosity of the base fluid. The corresponding kinematic viscosity of the nanofluid can be obtained by ν n f = µ n f /ρ n f . For a brief review of the viscosity of a suspension/mixture, see [51] .
Lorentz Force
For a flowing nanofluid, the Lorentz force is defined as [59, 60] ,
where B is the magnetic induction and σ n f is the effective electrical conductivity of the nanofluid. According to Lagrange's formula, the Lorentz force can further be expressed as,
As indicated by many experiments, the effective electrical conductivity of nanofluids may increase by orders of magnitude by adding a little amount of nanoparticles [61, 62] . Previous studies have suggested various models [63] [64] [65] [66] for the effective electrical conductivity of nanofluid, but none of them always provides good predictions. Therefore, in this paper, based on the literature review [59] [60] [61] [62] [67] [68] [69] , we consider σ n f = 4.0 S/m (a constant).
Heat Flux Vector
The thermal conductivity of magnetic nanofluids is considered to be anisotropic. The heat flux vector is defined as [70, 71] , q = −K∇θ (10) where K is the second order anisotropic thermal conductivity tensor. For complex materials, K can also depend on the concentration, the temperature, the shear rate, etc. (see [72, 73] ). When there is no magnetic field or no nanoparticles present in the fluid, the second order tensor, K, reduces to a scalar and Equation (10) becomes, q = −k∇θ (11) where k is the isotropic thermal conductivity. In general, many nanofluids exhibit anisotropic thermal conductivity due to the chain formation (aggregation) of the nanoparticles [41, 42, 74 ], see Figure 1 . As a result, K can be given [41, 74] ,
where k || is the thermal conductivity in the direction of the magnetic field and k ⊥ is the thermal conductivity perpendicular to the direction of the magnetic field (see Fang et al., (2009) [42] ). Reinecke et al., (2008) [74] incorporated the Bruggeman's calculation for thermal conductivity of particles chains into Nan's effective medium theory (EMT) [75] for composite materials and suggested the following equations for k || and k ⊥ ,
where k f is the thermal conductivity of the base fluid whose thermal diffusivity is defined as
is the bulk-mean volume fraction of the nanoparticles, φ int is the volume fraction of the nanoparticles in aggregation due to local magnetic field and is given by [60, 76] ,
where φ m = 0.638 is the maximum volume fraction of the magnetic nanoparticles,
is the hydrodynamic volume fraction of the nanoparticles, ∆ is the surfactant layer thickness, d is the diameter of the nanoparticles, c is the compression parameter, ξ e is the effective Langevin parameter, µ 0 is the vacuum permeability, M s is the saturation magnetization of the nanoparticles, H is the magnetic field intensity, k B is the Boltzman constant, and T b is the bulk-mean temperature. The above model has been shown to predict the thermal conductivity of iron-based magnetic nanofluids with various concentrations under saturated magnetic intensities [60] . 
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Equations (13) and (14) provide the thermal conductivity of nanofluids in the directions parallel and perpendicular to the magnetic field; for performing numerical simulations, we need to express the anisotropic thermal conductivity tensor expressed in the x-y-z Cartesian coordinate system. We assume that the anisotropic thermal conductivity caused by the magnetic field is symmetric. If the applied magnetic field is uniform and always perpendicular to the z-coordinate, then the thermal conductivity tensor in x-y-z Cartesian coordinate system can be given by a superposed rigid body rotation of the conductivity tensor in Equation (12) || and ⊥ designate the parallel and the perpendicular directions of the magnetic field, respectively. z-coordinate is perpendicular to the x-y plane.
Equations (13) and (14) provide the thermal conductivity of nanofluids in the directions parallel and perpendicular to the magnetic field; for performing numerical simulations, we need to express the anisotropic thermal conductivity tensor expressed in the x-y-z Cartesian coordinate system. We assume that the anisotropic thermal conductivity caused by the magnetic field is symmetric.
If the applied magnetic field is uniform and always perpendicular to the z-coordinate, then the thermal conductivity tensor in x-y-z Cartesian coordinate system can be given by a superposed rigid body rotation of the conductivity tensor K in Equation (12) [77, 78] ,
where Q is an orthogonal tensor (i.e., QQ T = Q T Q = I) [77, 78] , β is the angle between the magnetic field and the x-coordinate as shown in Figure 1 . The thermal conductivity of the base fluid (water), k f , at around 300 K is 0.604 W/(m −1 ·K −1 ) [79, 80] . We should mention that there are studies which also indicate that certain polymers, when sheared, also exhibit anisotropic behavior in their thermal conductivity, see van der Brule (1989) [81] and Dai and Tanner (2006) [82] .
Joule Heating
The Joule heating of the nanofluid is given by [59, 60] ,
where E = v × B.
The Expanded Forms of the Governing Equations and the Boundary Conditions
By substituting Equations (5)- (9) and (9) in Equation (3), and Equations (10)- (19) in Equation (4), we obtain a set of partial differential equations (PDEs) which need to be solved numerically. To obtain numerical solutions to these equations, we build our PDEs solver using the libraries provided by OpenFOAM [83] . The PDEs are given below:
(
The boundary conditions are provided in Table 1 . For the velocity at the walls, a no-slip boundary condition is used; for the nanoparticles concentration a no-flux boundary condition ensures that no particle is capable of penetrating the wall. It is worth pointing out that in nanofluidics the hydrodynamic slippage of the fluid is also possible due to the effect of the properties of the interface, such as wettability and roughness [29, 35, 37, 84, 85] . Table 1 . Boundary conditions used in our numerical simulations. For more details about the boundary conditions, see [86] . Based on the expanded governing Equations (20)- (22), we define the following non-dimensional parameters:
Boundary
where L r is a reference length, v 0 is a reference velocity, θ 1 and θ 0 are reference temperatures and are chosen as the temperature of the hot wall and the inlet boundary, respectively. B 0 is the reference magnitude of the magnetic field and is chosen as the magnitude of the applied magnetic field. Re is the Reynolds number, Ha is the Hartmann number which is the ratio of electromagnetic force to the viscous force, Le is the Lewis number which is the ratio of thermal diffusivity to convective mass transport and D s is the dimensionless number related to the viscous dissipation. In the following studies, the heat (viscous) dissipation is ignored, i.e., we assume D s = 0. With the above dimensionless numbers/variables, the governing equations can be written as,
In the above equations, the asterisks have been dropped for simplicity. We further define the Nusselt number which is a measure of the ratio of the convective to the conductive heat transfer across (normal to) the boundary. The local Nusselt number is defined as,
The spatially averaged Nusselt number is defined as (see Wu et al., (2017) 
And the time and the spatially averaged Nusselt number is defined as,
We should mention that in this paper, we do not consider the effect of turbulence because of the low Reynolds number studied.
Physical Problems
In this paper, we study two different problems. The first one is a (pure) conduction problem between two concentric cylinders as shown in Figure 2a . In this case, we ignore the flow and focus on the mechanism and the effects of the magnetic field-induced anisotropic thermal conductivity. We assume that the initial temperature is 300 K, while the temperatures of the inner and the outer cylinders are 310 K and 300 K, respectively. The effect of the angle of the magnetic field and the nanoparticles concentration on the anisotropic thermal conductivity and the temperature distribution are studied. The second problem is an unsteady two-dimensional flow in a rectangular channel over three heated cylinders; see Figure 2b . This kind of a flow is an example of the cross-flow heat exchanger which is common in engineering applications. We study the flow and heat transfer of the nanofluid with different Hartmann numbers and angles of the magnetic field. The inlet temperature and the initial temperature are set at 300 K, while the temperature of the inner cylinder is set at 310 K. Other walls are adiabatic. The thermo-physical properties of the nanofluid are summarized in Table 2 .
are studied. The second problem is an unsteady two-dimensional flow in a rectangular channel over three heated cylinders; see Figure 2b . This kind of a flow is an example of the cross-flow heat exchanger which is common in engineering applications. We study the flow and heat transfer of the nanofluid with different Hartmann numbers and angles of the magnetic field. The inlet temperature and the initial temperature are set at 300 K, while the temperature of the inner cylinder is set at 310 K. Other walls are adiabatic. The thermo-physical properties of the nanofluid are summarized in Table 2 . For both geometries, a mesh dependency study is performed, but we only show the details for the second problem. To consider the mesh dependency, we use ̅ = 0.01, = 0, = 1000 and = 0.0001. Table 3 shows the time and spatially averaged Nusselt number, ̅̅̅̅ , with different mesh sizes. The mesh node numbers of 32,514 and 40,130 almost give the same value for the ̅̅̅̅ (less than 0.13%); therefore, we use the mesh with node number of 40,130. For both geometries, a mesh dependency study is performed, but we only show the details for the second problem. To consider the mesh dependency, we use φ = 0.01, Ha = 0, Re = 1000 and Le = 0.0001. Table 3 shows the time and spatially averaged Nusselt number, Nu st , with different mesh sizes. The mesh node numbers of 32,514 and 40,130 almost give the same value for the Nu st (less than 0.13%); therefore, we use the mesh with node number of 40,130. 
Results and Discussion
Heat Conduction between Two Concentric Cylinders
In this section, the radius of the outer cylinder is chosen as the reference length, L r . The Hartmann number is assumed to be Ha = 1.0. We define a dimensionless time for this pure conduction problem,
where α f is the thermal diffusivity of the base fluid. Table 4 shows the value of the thermal conductivity of the nanofluid in parallel and perpendicular directions to the magnetic field with different nanoparticles concentrations. As the concentration increases, the thermal conductivity begins to show more anisotropy. When the nanoparticles concentration is 0.1, the thermal conductivity in the direction of the magnetic field is about 3 times that of the thermal conductivity perpendicular to the magnetic field. Of course, the anisotropy disappears when the nanoparticle concentration reduces to be zero. Figure 3 shows the temperature distribution as a function of time. The nanoparticles concentration and the direction of the magnetic field are chosen as φ = 0.05 and β = 0 • (parallel to the X-direction), respectively. From Figure 3a , we can see that as time (τ) increases, heat transfer occurs from the inner hot cylinder to the outer cooler cylinder. The temperature field does not seems to develop in a symmetric way and it appears to have an elliptical pattern due to the effect of the anisotropic thermal conductivity; along the magnetic field the heat conduction occurs at a faster rate. In Figure 3b , we quantitatively elucidate this phenomenon by plotting the temperature profiles along the X and Y directions (radial direction). 
Results and Discussion
Heat Conduction between Two Concentric Cylinders
In this section, the radius of the outer cylinder is chosen as the reference length, . The Hartmann number is assumed to be = 1.0 . We define a dimensionless time for this pure conduction problem, =
where is the thermal diffusivity of the base fluid. Table 4 shows the value of the thermal conductivity of the nanofluid in parallel and perpendicular directions to the magnetic field with different nanoparticles concentrations. As the concentration increases, the thermal conductivity begins to show more anisotropy. When the nanoparticles concentration is 0.1, the thermal conductivity in the direction of the magnetic field is about 3 times that of the thermal conductivity perpendicular to the magnetic field. Of course, the anisotropy disappears when the nanoparticle concentration reduces to be zero. Figure 3 shows the temperature distribution as a function of time. The nanoparticles concentration and the direction of the magnetic field are chosen as ̅ = 0.05 and = 0° (parallel to the X-direction), respectively. From Figure 3a , we can see that as time ( ) increases, heat transfer occurs from the inner hot cylinder to the outer cooler cylinder. The temperature field does not seems to develop in a symmetric way and it appears to have an elliptical pattern due to the effect of the anisotropic thermal conductivity; along the magnetic field the heat conduction occurs at a faster rate. In Figure 3b , we quantitatively elucidate this phenomenon by plotting the temperature profiles along the X and Y directions (radial direction). In Figure 4 , we change the angle of the magnetic field (β) and consider its effect on the temperature distribution. The nanoparticles concentration, φ, is kept at 0.05. Figure 4a shows the variation of the steady-state temperature field with β; we can see that as β changes, the temperature distribution is affected considerable, where the fastest heat conduction occurs along the direction of the magnetic field. Figure 4b ,c present the temperature profiles in the parallel and the perpendicular direction to the magnetic field with different values of β for four different dimensionless time; it can be seen that the profiles at the same dimensionless time exactly overlap with each other.
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In Figure 4 , we change the angle of the magnetic field ( ) and consider its effect on the temperature distribution. The nanoparticles concentration, ̅ , is kept at 0.05. Figure 4a shows the variation of the steady-state temperature field with ; we can see that as changes, the temperature distribution is affected considerable, where the fastest heat conduction occurs along the direction of the magnetic field. Figure 4b ,c present the temperature profiles in the parallel and the perpendicular direction to the magnetic field with different values of for four different dimensionless time; it can be seen that the profiles at the same dimensionless time exactly overlap with each other. Figure 5 shows the effect of the nanoparticles concentration on the non-uniform heat conduction. As shown in Table 4 , when the nanoparticles concentration increases, the anisotropy of the thermal conductivity of the nanofluid becomes more evident. The effect of the intensified anisotropic thermal conductivity on the temperature distribution is shown in Figure 5a . When ̅ = 0, the heat conduction is uniform along the radial direction; as ̅ increases, the temperature distribution becomes more and more non-uniform. Figure 5b ,c quantitatively show the steady-state temperature profiles along the X ( ∥ ) and the Y ( ⊥ ) directions, from which we can observe the effect of ̅ on the heat transfer. Figure 5 shows the effect of the nanoparticles concentration on the non-uniform heat conduction. As shown in Table 4 , when the nanoparticles concentration increases, the anisotropy of the thermal conductivity of the nanofluid becomes more evident. The effect of the intensified anisotropic thermal conductivity on the temperature distribution is shown in Figure 5a . When φ = 0, the heat conduction is uniform along the radial direction; as φ increases, the temperature distribution becomes more and more non-uniform. Figure 5b ,c quantitatively show the steady-state temperature profiles along the X (ξ ) and the Y (ξ ⊥ ) directions, from which we can observe the effect of φ on the heat transfer. 
Flow in A Rectangular Channel with Multiple Cylinders
In this section, the hydraulic diameter at the inlet of the channel is chosen as the reference length, . The concentration of the nanoparticles is assumed to be ̅ = 0.01 for all the following studies. In this section, we focus on two problems: (a) when the Reynolds number and the Hartmann number are relatively low; (b) when the Reynolds number and the Hartmann number are relatively high.
Flow at Low Reynolds Number
We first study the case with low Reynolds number and low Hartmann number, which is commonly found in heat exchangers applications in micro cooling systems in small electronic devices. In this study, we assume = 1.0 and = 0.03. Figure 6a shows the steady-state velocity and the Lorentz force distributions when = 0.4 and = 90°. We can see that the Lorentz force always acts in the opposite direction to the main flow, which implies that the Lorentz force has a tendency to impede the flow. Figure 6b ,c shows the effect of the Hartmann number, , on the flow and heat transfer, with the angle of the magnetic field = 90°. Figure 6b shows that the temperature distribution varies moderately with different values of . In the wake region of the inside cylinders, as increases the size of the thermal boundary layer decreases to some extent; as a result, the heat transfer may be improved and the time and spatially averaged Nusselt number, ̅̅̅̅ , may increase as shown in Table 5 (left). Figure 6c shows the local Nusselt number ( ) distribution along the angular coordinates ( ) of the three inner cylinders. For the definition of , see Figure 2b . We can see that profile is almost symmetric along , because we have assumed a low Reynolds number and there is no vortex in the wake region.
is relatively high at = 0° or = 90°, because the position of = 0° corresponds to the leading edge and with = 90° the channel becomes narrow. Hence in these two positions the heat convection is relatively high. 
Flow in A Rectangular Channel with Multiple Cylinders
In this section, the hydraulic diameter at the inlet of the channel is chosen as the reference length, L r . The concentration of the nanoparticles is assumed to be φ = 0.01 for all the following studies. In this section, we focus on two problems: (a) when the Reynolds number and the Hartmann number are relatively low; (b) when the Reynolds number and the Hartmann number are relatively high.
Flow at Low Reynolds Number
We first study the case with low Reynolds number and low Hartmann number, which is commonly found in heat exchangers applications in micro cooling systems in small electronic devices. In this study, we assume Re = 1.0 and Le = 0.03. Figure 6a shows the steady-state velocity and the Lorentz force distributions when Ha = 0.4 and β = 90 • . We can see that the Lorentz force always acts in the opposite direction to the main flow, which implies that the Lorentz force has a tendency to impede the flow. Figure 6b ,c shows the effect of the Hartmann number, Ha, on the flow and heat transfer, with the angle of the magnetic field β = 90 • . Figure 6b shows that the temperature distribution varies moderately with different values of Ha. In the wake region of the inside cylinders, as Ha increases the size of the thermal boundary layer decreases to some extent; as a result, the heat transfer may be improved and the time and spatially averaged Nusselt number, Nu st , may increase as shown in Table 5 (left). Figure 6c shows the local Nusselt number (Nu) distribution along the angular coordinates (γ) of the three inner cylinders. For the definition of γ, see Figure 2b . We can see that Nu profile is almost symmetric along γ, because we have assumed a low Reynolds number and there is no vortex in the wake region. Nu is relatively high at γ = 0 • or γ = 90 • , because the position of γ = 0 • corresponds to the leading edge and with γ = 90 • the channel becomes narrow. Hence in these two positions the heat convection is relatively high. Figure 7 shows the effect of the direction of the magnetic field, , where we assume = 0.4. Figure 7a shows the Lorentz force distributions for different values of . When = 0°, the Lorentz force is perpendicular to the direction of the main flow and its magnitude is small. When = 0°, the direction of the magnetic field is the same as that of the main flow; according to Equation (9), therefore, the Lorentz forces disappears if the velocity is parallel to the magnetic field. As a result, the magnitude of the Lorentz force increases as changes from 0° to 90°. Figure 7b indicates that as increases from 0° to 90°, the thermal boundary layer decreases obviously, see the case of = 0° and = 45° for example. Figure 7c shows the profiles along the angular coordinate of the cylinders; the pattern is similar to those in Figure 6c . Table 5 (right) shows that ̅̅̅̅ increases as changes from 0° to 90°, when the magnitude of the Lorentz force increases. Figure 7 shows the effect of the direction of the magnetic field, β, where we assume Ha = 0.4. Figure 7a shows the Lorentz force distributions for different values of β. When β = 0 • , the Lorentz force is perpendicular to the direction of the main flow and its magnitude is small. When β = 0 • , the direction of the magnetic field is the same as that of the main flow; according to Equation (9), therefore, the Lorentz forces disappears if the velocity is parallel to the magnetic field. As a result, the magnitude of the Lorentz force increases as β changes from 0 • to 90 • . Figure 7b indicates that as β increases from 0 • to 90 • , the thermal boundary layer decreases obviously, see the case of β = 0 • and β = 45 • for example. Figure 7c shows the Nu profiles along the angular coordinate of the cylinders; the pattern is similar to those in Figure 6c . 
Flow at High Reynolds Number
As the size of the heat exchanger increases, the value of the and also usually increase. Therefore, we consider situations with high and . We assume = 1000 and = 0.0001. Figure 8a ,b presents the temperature and the velocity distributions for different values of and . We can see that when = 0, namely where there is no magnetic field, in the wake region after the third cylinder, vortices are developed; while when = 50, there are no vortices for both cases of = 0° and = 90°. Furthermore, for the temperature fields, if we compare the cases of = 0° and = 90°, the size of the thermal boundary layer decreases when = 90°. Figure 8d shows the time evolution of the spatially averaged Nusselt number, ̅̅̅̅ , for the three cylinders. At the initial stage, ̅̅̅̅ is high and then it begins to decrease rapidly as time increases. Figure 8d also shows the small sinusoidal oscillation of ̅̅̅̅ for the case of = 0, when the flow reaches semi-steady state. Figure  8e shows the effect of and β (0°~90°) on ̅̅̅̅ . When is small (5, 25) , ̅̅̅̅ decreases moderately as increases; when is large (50, 100), ̅̅̅̅ increases as increases. The decreasing of ̅̅̅̅ may can be attributed to the reduction of the flow disturbance (flow oscillation after the cylinders) when the magnetic field is applied, see cases of = 0, = 0° and = 50, = 0° in Figure 8a ,c. The increasing of ̅̅̅̅ may be attributed to the reduction of the size of the wake region after the cylinders where the heat convection is low and, when the Lorentz forces ( ) is large (see cases of = 50 , = 0° and = 50 , = 90° in Figure 8a ,c). The effect of the magnetic field on the flow and heat transfer is more complicated; it may reduce or deteriorate the heat transfer in nanofluids depending on the situations. The effect of the enhancement [23, 60] and the suppression [91, 92] of the magnetic field has been indicated by previous studies. 
As the size of the heat exchanger increases, the value of the Re and Ha also usually increase. Therefore, we consider situations with high Re and Ha. We assume Re = 1000 and Le = 0.0001. Figure 8a,c) . The effect of the magnetic field on the flow and heat transfer is more complicated; it may reduce or deteriorate the heat transfer in nanofluids depending on the situations. The effect of the enhancement [23, 60] and the suppression [91, 92] of the magnetic field has been indicated by previous studies. 
Conclusions
In this paper, we have studied the effect of the magnetic field induced anisotropy of the thermal conductivity of a ferro-nanofluid and the Lorentz force on the flow and heat transfer. We have considered two cases: pure conduction in a stationary nanofluid contained between two concentric cylinders and the unsteady flow and heat transfer in a rectangular channel with three heated cylinders. The numerical results indicate that there is a significant effect on the heat conduction due to the anisotropic nature of the thermal conductivity: the temperature fields appear to be elliptical, because the intensity of the heat conduction in the direction and perpendicular to the magnetic field differs greatly. For the problem of the unsteady flow and heat transfer, it was observed that with the application of the magnetic field, vortices in the wake region behind the cylinders were suppressed, and the flow becomes more stable. 
